WELL-POSEDNESS WITHOUT SEMICONTINUITY: FROM PARAMETRIC
QUASIEQUILIBRIA TO OPTIMIZATION WITH EQUILIBRIUM
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Abstract. We consider optimization-related problems, from parametric quasiequilibrium and
quasioptimization problems to parametric equilibrium problems with equilibrium constraints
and finally optimization problems with equilibrium constraints. We propose a relaxed sequential
level closedness and use it together with sequential pseudocontinuity assumptions to establish
sufficient conditions for parametric well-posedness and well-posedness. For topological settings
we use sensitivity analysis while for problems on metric spaces we argue on diameters and Ku-
ratowski’s and Hausdorff’s measures of noncompactness of approximate solution sets. Besides

some new results we also improve or generalize several recent ones in the literature.
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1 Introduction.

In their seminal papers, Hadamard [13] and Tikhonov [30] initiated two ways of developing well-
posedness study for various mathematical problems. For constrained optimization the pioneer
work was [20] of Levitin and Polyak, who extended the definition for unconstrained problems in
[30]. Observe that the notions of Hadamard and Tikhonov were proved closely related in [7, 29].
Recently, these two notions have been more blended and linked to stability theory in parametric

well-posedness study [5, 17, 18, 27, 31, 32, 34]. Well-posedness for various problems related to
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optimization has been recently intensively considered, see e.g.: for optimization problems in
[14-16, 27, 29, 33, 34], for variational inequalities in [8, 9, 11, 21, 24], for Nash equilibria in
[23, 25], for fixed-point problems in [11, 18, 19], for inclusion problems in [11, 18, 19], for equi-
librium problems in [5, 12, 17] and for bilevel problems in [5, 12, 17, 22, 23]. In most cases it is
commonly assumed at least that the involved functions are sequentially lower semicontinuous.
In [26, 27] a weaker notion of sequential lower pseudocontinuity is introduced to investigate
parametric constrained optimization. In this paper we propose generalized sequential level
closedness definitions and use them together with sequential pseudocontinuity to consider well-
posedness in the Tikhonov sense, which is more important in approximation study and numer-
ical algorithms, because all algorithms consist of providing sequences of approximate solutions
convergent to an exact one. Simple examples (e.g. Examples 2.1 and 2.2) ensure that these
properties are properly weaker than semicontinuity and hence results under assumptions about
these properties are significant in practical situations. We choose to investigate rather general
optimization-related problems to include a wide range of particular cases. Namely we begin
with parametric quasiequilibrium and quasioptimization problems. Note that quasiequilibrium
models contain quasivariational inequalities, complementarity problems, vector minimization
problems, Nash equilibria, fixed-point and coincidence-point problems, traffic networks, etc. A
quasioptimization problem is more general than an optimization one as constraint sets depend
on the decision variable as well. This is a special case of a quasiequilibrium problem but we go
into details due to its importance. Then we pass to bilevel models to discuss first equilibrium
problems with equilibrium constraints. Of course, bilevel considerations are more general than
“single level” ones. Finally we investigate optimization problems with equilibrium constraints,
which have been recently intensively investigated in the literature. We discuss well-posedness
by tools of sensitivity analysis for general settings in topological spaces, since this property is
closely related to stability, especially for parametric problems. When decision spaces are metric
spaces, diameters and measures of noncompactness of approximate solution sets play a crucial
role. Namely, well-posedness depends on whether these quantities tend to zero or not. We will
be employing both Kuratowski’s and Hausdorff’s measures in this paper. Furthermore, in our
results for optimization problems, a kind of marginal functions participates as well. Since the
solution existence of these problems have been intensively studied, we focus on well-posedness
assuming always that solutions of the problem under consideration exist. Some of our results

improve the counterparts in the recent papers [12, 22, 27]. The others are new.

In the rest of this section we state our problems and recall well-posedness notions. Section 2
is devoted to generalized sequential level closedness and sequential pseudocontinuity properties.
In the next section 3 we establish sufficient conditions for a quasiequilibrium problem to be
parametrically well-posed. Section 4 contains well-posedness conditions for a quasioptimization
problem. Parametric well-posedness of equilibrium problems with equilibrium constraints is the

subject of section 5. In the last section 6 we discuss well-posedness of optimization problems



with equilibrium constraints.

Let X and A be Hausdorff topological spaces, f: X x X x A — Rand K; : X x A — 2%,

i =1,2. Our parametric equilibrium problem consists of, for each A € A,
(QEP,) finding z € K;(Z, ) suchthat, forall y € Ko(Z, A),

f(@y,A) = 0.
Instead of writing {(QEP, ) : A € A} for the family of problems, i.e. the parametric problem,
we will simply write (QEP) in the sequel.
Let X and A be Hausdorff topological spaces, g : X x A — R, where R = (—o0, +0oc], and

K : X x A — 2% Our parametric quasioptimization problem is, for each A € A,

minimize g(z, A)
subject to x € K(z, ).

(QOPy) {

Similarly as for (QEP), we denote simply (QOP) for this family of quasioptimization prob-

lems.

Let X and A be Hausdorff topological spaces. Let S : A — X be the solution map of
the parametric quasiequilibrium problem (QEP). Let Y = X x A and F : Y xY — R. The

parametric equilibrium problem with equilibrium constraints we consider is of

(EPEC) finding y € grS such that, for all y € grS,
F(y,y) > 0.

Let S : A — X be the solution map of parametric quasiequilibrium problem (QEP). The

optimization problem with equilibrium constraints under question is

minimize g(x, \)
subject to @ := (z,\) € grS,

(OPEC) {

where grS denotes the graph of S, ie. grS := {(z,\) : @ € S(\)}. Note that although X is
the parameter of the quasiequilibrium problem defining the constraint, it is a component of the

decision variable (z, A) of (OPEC) and this problem is not parametric.

We first recall well-posedness notions

DEFINITION 1.1 Let {\,} converge to \. For z,, € K;(wn, \,), the sequence {z,,} is said to be
an approximating sequence for (QEP) corresponding to {A,}, if there exists a sequence {e,}

convergent to 07 such that, for all y € Ka(zp, An),
f(xnaya /\n) +éen > 0.

DEFINITION 1.2 Problem (QEP) is called well-posed at X if

(a) the solution set S()\) of (QEPy) is nonempty;



(b) for any sequence {\,} convergent to A, every corresponding approximating sequence for

(QEP) has a subsequence convergent to some point of S(X).

(QEP) is called uniquely well-posed at X if S(\) = {Z}, a singleton, and every approximating
sequence converges to Z. (QEP) (or any other problem) is called parametrically (uniquely) well-

posed if it is (uniquely) well-posed at each A € A.

DEFINITION 1.3 Let {)\,} converge to A in A. For z,, € K(z,,\,), the sequence {z,} is said
to be an approximating (or minimizing) sequence for (QOP) corresponding to {)\,}, if there

exists a sequence {€,} C (0,400) convergent to 0 such that
9(Tn, An) < infreK(acn,An)g(xv An) + €n.

DEFINITION 1.4 Problem (QOP) is called well-posed at A if
(a) (QOPs5) has solutions;
(b) for any sequence {\,} convergent to \, every corresponding approximating sequence for
(QOP) has a subsequence convergent to some point of S()).
We say that (QOP) is uniquely well-posed at A if S(\) = {Z}, a singleton, and every

approximating sequence converges to .

DEFINITION 1.5 A sequence {y,,} := {(zn, \n)} C X X A is termed an approximating sequence
for (EPEC) if there exists {e,} — 0T such that

(i) F(y,,y)+en>0,foralyeS(A) and all A € A, where y := (y, A);
(ii) {zn,} is an approximating sequence for the parametric problem (QEP) corresponding to

{An}

DEFINITION 1.6 (EPEC) is said to be well-posed if

(i) it has at least one solution;

(ii) every approximating sequence for (EPEC) has a subsequence convergent to a solution.

Furthermore, we say that (EPEC) is uniquely well-posed if it has a unique solution and any

approximating sequence converges to this solution.

DEFINITION 1.7 A sequence {y,,} := {(zn, A\n)} € X x Ais called an approximating (or mini-

mizing) sequence for (OPEC) if there exists {¢,,} — 01 such that

(1) 9(y,) < g(y) +en, forall A € A and all y € S(N), where y := (y, A);

(ii) {x,} is an approximating sequence for (QEP) corresponding to {A,}.

DEFINITION 1.8 Problem (OPEC) is called well-posed if

(i) it has solutions;



(ii) every approximating sequence for (OPEC) has a subsequence convergent to a solution.

(OPEC) is termed uniquely well-posed if it has a unique solution and every approximating

sequence converges to this solution.

Note that, in the above definitions, like a number of authors, we require an approximating

sequence to be (strictly) included in the constraint set, unlike the definition in [20].

2 (Generalized level closedness and pseudocontinuity of
functions.

Let X be a topological space, £ € X and f : X — R. Recall that f is called sequentially upper
(lower, respectively) semicontinuous, written shortly as usc (Isc, resp), at zg if, for all sequences
{zn} convergent to xg, f(x¢) > limsup f(x,) (f(zo) < liminf f(z,), resp). Note that in this
paper we are concerned always with sequential properties. Hence we write clearly “sequential”
or “sequentially” only to remind the reader in case necessary. Observe that f is usc at zq if

and only if for all {x,} — 2o and all b € R,
[f(zn) = b,Vn] = [f(x0) > b]
and similarly for lower semicontinuity. Therefore, we propose the following natural definition.

DEFINITION 2.1 Let X and Y be topological spaces, f : X — Rand g:Y — R.

(i)  f is called (sequentially) upper 0-level closed with respect to (wrt) g at (zo,y0) € X XY

if, for any sequence {(x,,y,)} convergent to (xo,yo),
[f(@n) + g(yn) = 0,¥n] = [f(z0) + g(y0) = 0].

(ii) f is called (sequentially) lower O-level closed wrt g at (xg,y0) if, for any sequence

{(zn,yn)} convergent to (zo,yo),

[f(zn) + g(yn) < 0,Y0] = [f(20) + g(y0) < 0].

If we have f in place of f + ¢ in the above inequalities, we say that f is upper (or lower)
0-level closed at zy. While if we have b € R instead of 0, then of course “0O-level” is replaced by

“b-level”

Remark 2.1 Tf f and g are usc (Isc, resp) at zg and yp, respectively, then f is upper (lower,
resp) O-level closed wrt g at (zo, yo). Indeed, if {(zn,yn)} — (zo,y0) and f(x,) + g(yn) > 0 for

all n, one has

f(z0) + g(yo) > limsup f(x,) + limsup g(y,) > limsup[f(z,) + g(yn)] > 0.



From now on we use id to denote the identity map on Ry. The following example shows

that the converse of the above remark is not true.

Ezample 2.1 Let f: R — R be defined by

)0, ifzreq,
f(x)_{L it z€R\Q,

where @ is the set of the rational numbers. Then f is upper O-level closed wrt id at (z,y), for

all (z,y) € R x R4, but f is neither usc at any & € () nor Isc at any x € R\ Q.

DEFINITION 2.2 [26, 27] Let X be a topological space and f : X — R.

(a) f is said to be (sequentially) upper pseudocontinuous at xg € X if,
[f(z) > f(x0)] = [for any {@y} — o, f(z) > limsup f(zn)].
(b) f is called lower pseudocontinuous at xg € X if,

[F(@) < f(z0)] = [for any {wn} — 7o, f(z) < liminf f(z,)].

(c) f is termed pseudocontinuous at xg € X if it is both lower and upper pseudocontinuous

at this point.

The class of the upper pseudocontinuous functions strictly contains that of the usc functions,

see [26]. We include here a very simple illustrative example.

Ezxample 2.2 Let f: R — R be defined by

r+1, if >0,
f(z) =<0, if =0,
r—1, if =<0.

Then, f is pseudocontinuous at 0 but neither usc nor Isc at 0.

We note further that if f and g are lsc (or usc) at xo then f + g is Isc (usc, resp) at xg.
Unfortunately, this property does not hold for pseudocontinuous functions as shown by
Ezample 2.3 Let f1,91 : R — R be defined as follows

1 if >0
_ ; = Y, d -
file) {”5 it opoo d ool =—e

Then, f; is lower pseudocontinuous at 0 and g; is continuous at 0. But

—x+1, if x>0,
-3, if x<O0.

(fi+g)(zx) = {

is not lower pseudocontinuous at 0.



To see the same situation for upper pseudocontinuity let

-1 if >0
= ’ ’ d =z.
fa(x) { : £ <0 and go(x) =2z

Then at 0, fy is upper pseudocontinuous and go is continuous. However,

r—1, if x>0,
(f2+92)(95){m i oz <o0.

2

is not upper pseudocontinuous at 0.

LeEMMA 2.1 ([27], Proposition 2.3) Let X be a topological space. Then f : X — R is pseudo-
continuous in X if and only if, for all sequences {x,} and {y,} in X, convergent to x and y,

respectively,

[f(y) < f(x)] = [limsup f(y,) < liminf f(z,)].

3 Quasiequilibrium problem (QEP).

We consider first parametric problem (QEP) stated in section 1. For well-posedness in gen-
eral topological settings we need the following facts which are well-known and often used in

sensitivity analysis (see e.g. [1-4] and references therein).

Remark 3.1 Let Q : X — 2Y be a multimap between two topological spaces. Then the

following assertions hold.

(i) If Q(Z) is compact, then @ is usc at Z if and only if for any sequence {z,} convergent to

Z and y,, € Q(z,), there is a subsequence {y,, } convergent to some y € Q(Z).

(ii) If, in addition, Q(Z) = {7} is a singleton then the above limit point y must be g and the

whole {y,} converges to .

By S(\) we denote the solution set of (QEP,). For positive e, the e-solution set of (QEP}) is
defined by

S(he)={z € K1(z,\) | f(z,y,A\) +€ >0,Vy € Ka(x,\)}.

When X and A are metric spaces, for positive ¢ and ¢, we define the following set of approximate

solutions of the family (QEP), allowing also the parametric to vary around the considered point,

oA ¢e)= |J Soe),

AEB(X,0)

where B(), () is the closed ball centered at A and with radius ¢.

THEOREM 3.1 Assume that

(i) X is compact, K, is closed and K3 is Isc in X x {\};



(ii) f is upper O-level closed wrt id in K1(X,\) x Ko(X,\) x {A\} x {0}.
Then (QEP) is well-posed at \. Furthermore, if S(\) is a singleton, then this problem is uniquely
well-posed at .

Proof. We first check that S(.,.) is usc at (X, 0). Suppose to the contrary the existence of an
open superset U of S(X,0) such that for all {(\,,e,)} convergent to (X,0) in A x R, there is
T € S(An,&n) such that z,, ¢ U, for all n. By the compactness of X one can assume that {x,, }
converges to some xo. Since K; is closed at (xo, \), zo € Ki(zo, A). If 2o ¢ S(X,0) = S(N),

there is yo € Ka(xp, ) such that f(zo, yo, A) < 0. The lower semicontinuity of K5 in turn shows
the existence of y,, € Ka(n, Ay) such that {y,} — yo. As z,, € §()\m €n), one has

f(xnayna >\n) +e, > 0.

By the upper 0-level closedness wrt id of f, we have

f(x()vy[)a )‘) > Oa

which is a contradiction. Thus, ¢ € S (X, 0) C U, which is another contradiction, since z,, ¢ U,

for all n. Hence, S is usc at (X, 0).

Now we prove that S()) is compact by checking its closedness. Let z,, € S(\) converge to
xg. If 29 ¢ S(N), there exists yo € Ka(zo, \) such that

f(‘r()vyOa A) <0.

In light of the lower semicontinuity of K» there is y,, € Ko(x,, A) such that {y,} — yo. For all

n one has

f(@n,yYn,A) 20

as r, € S(A\). By assumption (ii), one has

f(‘TanOa X) Z 03

which is impossible. Therefore, 2o € S()\) and hence S()) is compact. By Remark 3.1 we are
done. O

The assumptions of Theorem 3.1 are essential as indicated in the following examples.

Ezample 3.1 (the compactness of X cannot be dropped). Let X = R, A = Ry, Kqi(z,\) =
Ko(z,A\) = R, A =0 and f(z,y,\) =2%7Y + . It is clear that in X x A, K; is closed and K3
is Isc. (ii) holds as f is continuous in X x X x A. But S(A) = R for all A € A. Hence, (QEP)
is not well-posed at 0. Indeed, let A, = % —0and 2, =n € S(;\n) for all n. It is clear that

{z,} has no convergent subsequence. The reason is that X is not compact.



Ezample 3.2 (the closedness of K7 is essential). Let X = [-2,1],4 = [0, 1], K (z, A) = (=2, 1],
Ko(z,A) = [0,1], A =0 and f(z,y,\) = x(x —y). It is not hard to see that X is compact, K»
is Isc in X x A, (ii) is fulfilled (by the continuity of f). But S(0) = {1} and S(\) = {0, 1} for
all X € (0,1]. Therefore, (QEP) is not well-posed at 0. The reason is that K is not closed at
X x {0}. Indeed, let , = A, = L and 2, = =1 € Ki(z,,A\n) = (—2,1]. We see that {z,}
tends to 0 ¢ K1(0,0).

Ezample 3.3 (the lower semicontinuity of Ky cannot be dispensed). Let X = [-1,1], 4 = [0, 1].

Ki(z,A) =10,1], f(z,y,A\) =2 +y, A=0 and

(-1,0,1},  if A=0,
{0,1}, otherwise.

KQ(JI,)\) = {

Then X is compact, K is closed in X x A and (ii) holds (by the continuity of f in X x X x A).
But S(0) = {1} and S(A\) = {0,1} for all A € (0,1]. Thus, (QEP) is not well-posed at 0. The

reason is that Ko is not Isc in X x {\}.

Ezample 3.4 ((ii) cannot be dropped). Let X = [0,1],4 = [0,1], K1(z,\) = Ka(x,A) = [0,1]

and

T —, if A=0,
f(x,y,A)Z{ Y

y—x, otherwise.

It is clear that assumption (i) is satisfied and S(0) = {1}. Let A, =&, = , and z, =0 €
S(An,&n). Then {z,} is an approximating sequence for (QEP) corresponding to {\,}. But
{z,} — 0 ¢ S(0) and hence {(QEP)): X € A} is not well-posed at A = 0. The reason is
that assumption (ii) is violated. Indeed, taking x, = 0,y, = 1,\, = % and ¢, = 0, we have
{(@n, Yns Ansen)} — (0,1,0,0) and f(n, Y, An) +en = f(0,1,1) =1 > 0but £(0,1,0) = -1 <

0.

Remark 3.2 In the special case where K (z, A) = X, it is not hard to check that the assumption
(ii) for f can be reduced to the same condition for f(.,y,.), for all y € X. Therefore, Theorem
3.1 improves Theorem 3.3 in [12]. Indeed, it suffices to check assumption (ii) of Theorem 3.1
from the (assumed in [12]) monotonicity of f(.,.,\) and lower semicontinuity of f(z,.,.). If

{(Zns M)} — (2,2) and {e,} tends to 0T are such that

f(x’YL?y? A'ﬂ) + gn Z 03
then, by the monotonicity, the inequalities
fly, 2, ) < liminf f(y, 2n, A) < Uminf f (25, y, An) < liminfe, =0

imply that f(z,y,\) > 0. Note further that we omit the hemicontinuity of f(.,.,\) and con-
vexity of f(x,.,)\) imposed in [12].

THEOREM 3.2 Let X and A be metric spaces.



(i) If (QEP) is uniquely well-posed at X\, then diamII(\, ¢, &) — 0% as (¢,e) — (0F,0%).

(ii) Conwversely, if X is complete and the following conditions hold
(a) K is closed and Ky is Isc in X x {\};
(ii) f is upper O-level closed wrt id in K1(X, ) x Ko(X,\) x {\} x {0},

then (QEP) is uniquely well-posed at X, provided that diamII(\,(,e) — 0% as ((,¢) —
(0+,0%).

Proof. (i) Suppose (QEP) is uniquely well-posed at \, but there is {({n,e,)} — (0F,0%) such
that there are ng € N (the set of the natural number) and r > 0 such that, for all n > ny,

diamIL(A, ¢, e0) > 7

Then, there exist xl,22 € II(\,(n,e,) such that d(zl,z2) > 5. Consequently, there are

n»*n n»*rn

AL A2 € B()\,¢,) such that

n? n

Flah,y AL) + e, > 0,%y € K(xk, AL)

n? n

and
@2,y 02) + e, > 0,Vy € K(22,)2),

n? n

ie. {rL} and {22} are approximating sequences for (QEP) corresponding to {\L} and {)\2},
respectively. Hence, {z}} and {22} converge to the unique solution of (QEPy), contradicting

the fact that d(x;,,27) > % > 0, for all n.

(i) Let {\,} — X and {z,} be an approximating sequence for (QEP) corresponding to
{A\n}. Then there is {&,,} — 07 such that, for all y € Ky(z,,\,) and all n € N,

f(xmya)\n) +e, > 0.

Consequently, x,, belongs to TI(\, ¢y, e,) with {¢,} := {d(\y,A\)} — 07 as n — +oc. Since
diamII(), ¢y, €,) — 07, {x,,} is a Cauchy sequence and converges to some 7. By the closedness
of K1 at (Z,)), T € K(z,)). Using the same argument as for Theorem 3.1, we deduce that

Z € S(\). To complete the proof one shows that (QEP5) has a unique solution. If S()\) has

two distinct solutions Z; and Zo, it is not hard to see that Z; and Zy belong to II(), ¢, €), for

all positive ¢ and e. It follows that
0< d(.fl,i‘Q) < diamH(j\,C,e),
which is impossible. (I

Remark 3.3 If K(xz,\) = X, with the same argument as in Remark 3.2, we see that Theorem

3.2 improves Theorem 3.1 of [12]. Here we omit the hemicontinuity of f(.,.,A) and convexity

of f(z,.,\), which are required in that theorem.
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The following example shows that we cannot replace the assumed unique well-posedness in

Theorem 3.2 (i) by well-posedness.

Ezample 3.5 Let X = A =[0,1], K1 (z,\) = Ka(z,\) = [0,1] and f(x,y,\) = 1. Then (QEP)

is well-posed in A. But II(), (,e) = [0, 1] and hence its diameter does not converge to 0.

Now we need the following notions of measures of noncompactness.

DEFINITION 3.1 Let M be a nonempty subset of a metric space X.
(i) The Kuratowski measure of M is
(M) =1inf{e > 0| M C U My, and diamM, < e,k =1,...,n, for some n € N'}.

k=1

(ii) The Hausdorff measure of M is

(M) =inf{e >0| M C U B(zg, ),z € X, for some n € N'}.
k=1

The following inequalities are obtained in [10]
n(M) < u(M) < 2n(M).

The measures p and 7 share many properties and we will use « in the sequel to denote either

one of them. v is a regular measure (see [6, 28]), i.e. it enjoys the following properties
(a) (M) = +oo if and only if the set M is unbounded;
(b) (M) = y(clM);
(c) from v(M) = 0 it follows that M is a totally bounded set;

(d) if X is a complete space and if {A,} is a sequence of closed subsets of X such that
Ant1 € A, for each n € N and limy, . 1o 7(Ay) = 0, then K := (") .\ Ay is a nonempty

compact set and lim,_, 4o H(Ap, K) =07, where H is the Hausdorff metric;

(e) from M C N it follows that v(M) < ~(N).

THEOREM 3.3
(i) If (QEP) is well-posed at X, then y(IL(\,(,€)) — 0% as (¢, e) — (0F,07).
(ii) Conwversely, if X is complete, A is compact or finite dimensional and the following con-
ditions hold

(a) K is closed and Ks is lsc in X x A;
(b) f is upper b-level closed in K1 (X, A) x Ko(X, A) x A, for all b <0,

then (QEP) is well-posed at X\, provided that v(TI(X, ¢, €)) — 0 as (¢,¢) — (0F,07).

11



Proof. Let v be the Hausdorff measure n (for the Kuratowski measure case the argument is
similar).
(i) Assume that (QEP) is well-posed at A and ({,e) — (0%,0%). Since S()\) C TI(A, ¢, ¢)
for all ,e > 0,
H(TI(\, ¢,€)), S(N)) = H*(II(X, ¢, €), S(N),
where H*(A, B) = sup,c4 d(a, B) and d(a, B) = infycp d(a,b). Let {z,} be any sequence in
S(X). Since {x,} is an approximating sequence for (QEP), there is subsequence convergent to
some point of S(A). Hence, S()) is compact.
If S(\) € Up_, B(zy,¢), then
(A Ce) € | Blare + H(I(NC,e), S(N))
k=1
and hence
NI\, ¢ e)) < H(II(X, ¢, e), S(A)) +v(S(N).

Since S()) is compact, 7(S(\)) = 0. So we have

(X, ¢, e)) < HII(A, ¢,€), S(N)).

Now we claim that H(II(\,(,¢), S(A)) — 07 as (¢,e) — (0%,07). Indeed, suppose to the
contrary that there are p > 0, {((n,en)} — (07,0%) and x,, € TI(),(,,€,) such that, for all
nenN,

A, S) > 5

Since {x, } is an approximating sequence for (QEP), there is a subsequence convergent to some

point of S()), a contradiction.

(i) Assume that n(II()\,(,e)) — 0 as (¢,e) — (0F,0%). We first prove that TI(, ¢, )
is closed for all positive ¢ and . Let x, € II()\,(,¢) be such that {z,,} — x. Then, for each
n € N, there is A, € B(\, () such that, for all y € Ky(z,, \n),

(@, y, An) +€>0.

Since B(, ¢) is compact, we can assume that {\,} — X for some A € B(), (). By the closedness
of K at (z,\), z € Ki(x,\). We claim that, for all y € Ka(z, ),

f(z,y,A) +e>0.

Indeed, if there exists y € Ko(x,A) such that f(z,y,A) + ¢ < 0, there is y,, € Kao(zy, A,) such
that {y,} — y as K5 is Isc at (z, ). By the upper —e-level closedness of f at (z,y, \), there is
ng € N such that, for all n > ny,

f(xnayna )\n) < —¢,
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a contradiction. Since A € B(), (), we have x € II()\, ¢, ). Hence, II(\, ¢, ) is closed.

Now we show that S(\) = Ne=0.e50 II(\, ¢, €). We first check that Neso (X, ¢ e) = S(A o).
Indeed, it is easy to see that (.., II(A,(,e) 2 S(Ae). Let @ € N5 II(A ¢ e). There is
An € B(A,¢) such that, for all y € Ks(z, A\y), f(x,y, \n)+e > 0. Since x € Ky (z, ), {A\n} — A
and K is closed, one sees that = € Kj(z, \). Now we verify that z € S(},¢). Indeed, for each
y € Ka(x,\), since Ky is Isc at (z,\), there exists y, € Ka(x,\,) with {y,} — y. Since
z € S(An,e),

f(z,yn, An) +€ > 0.

By the upper —e-level closedness of f, one has

f(x’y’)\)—’_szoﬂ

ie. Neso II(\, ¢,e) € S(Ae). Hence, Neso II(\, C,e) = S(Ae). Next, we have S(\) =
ﬂe>0 5(5‘75> = m<>0,s>0 H(X ¢ e).

Since n(II(A,¢,€)) — 07 as (¢,e) — (0%,07), the regular measure properties of 7 imply
that S()) is compact and H(II(A,(,e),S(A\)) — 0t as (¢,e) — (0F,07).

Let z,, be an approximating sequence for (QEP) corresponding to {)\,}, where {\,} — .
There is {e,} — 0T such that, for all y € Ko(z,,\,) and all n € N,

f(@n,y, ) +en > 0.
This means that x,, € II(\, (,,&,) with ¢, := d(\, \,). We see that
(2, S(N) < H(II(A, Co, ), S(A)) — 07
Hence, there is #, € S()) such that

d(xp,Tn) — 0 as n — oo.

By the compactness of S()), there is a subsequence {Z,, } of {Z,} convergent to some point Z
of S(A). Therefore, the corresponding subsequence {,, } of {z,,} tends to z. Hence, (QEP) is
well-posed at . O

The following examples show that the assumptions of Theorem 3.3 (ii) are essential.

Ezample 3.6 Let X = R, A =[0,1], K1(z,\) = (=), 1], Ka(z,A) = [0,1], f(z,y,A) = z(x —y)
and X\ = 0. It is easy to see that X is complete, A is compact, K» is Isc in X x A. Condition
(ii b) holds since f is continuous in X x X x A. Moreover, I1(0,(,e) C [—1,1] and hence
~(I1(0,¢,e)) = 0. But S(0) = {1} and S(\) = {0,1} for all A € (0,1]. Hence, (QEP) is not
well-posed at 0. The reason is that K is not closed at (0,0). Indeed, let z,, = A, = + and

n

Zn =+ € Ki(xy, A\n). We see that z, — 0 ¢ K1(0,0), and hence K is not closed at (0,0).
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Ezample 3.7 Let X, A and X be as in Example 3.6, K;(x,\) = [0,1], f(x,y,\) =z +y and

{~1,0,1}, if A=0,
{0,1}, otherwise.

K2($7)‘) = {

It is not hard to see that X is complete, A is compact, K is closed in X x A. (ii b) is satified as
f is continuous in X x X x A. II(0,¢,¢) C [0,1] and hence v(II(0,(,)) = 0. But S(0) = {1},
S(A\) = {0,1} for all A € (0,1]. Thus, (QEP) is not well-posed at 0. The reason is that K5 is
not Isc in X x A.

Ezample 3.8 Let X, A, K, ) be as in Example 3.7, Ko(z,A) = {\,1+ A} and

if r4+y=1,
otherwise.

f(xay7/\) = {1_1’

It is clear that X is complete, A is compact, (ii a) holds and (II(0, {,e)) = 0. But S(0) = (0, 1),
S(A\) = [0,1] for all A € (0,1]. Therefore, (QEP) is not well-posed at 0. The reason is that
assumption (iib) is violated. Indeed, let (z,,, Yn, An) = (%, 1- 2%, %) We see that

1
f(xnaynvAn) =1 > *5-

But {(zn,yn, \n)} — (0,1,0) and
FO.L0) =17~

Remark 3.4 In the special case where K(x,\) = X, it is easy to see that assumption (iib) of
Theorem 3.3 can be reduced to the corresponding one of f(.,y,\), for all y € X. Theorem
3.2 of [12] has the same conclusion as Theorem 3.3, but only for the Kuratowski measure f.
Observe that the upper semicontinuity of f(.,y,.), required in that theorem, implies the upper
b-level closednees of f(.,y,.) for all b < 0 as imposed in Theorem 3.3. Note further that (see
Proposition 2.1 of [5]) the upper semicontinuity of f(.,y,.) is equivalent to the upper b-level
closedness of f(.,y,.) for all b.

The following example gives a case where Theorem 3.3 is easy to be employed, but Theorem

3.2 of [12] does not work.

Ezample 3.9 Let X = A =10,1], K1(z,\) = Ka(z,\) =[0,1], A =0 and

Fag ) = {0, if Ael0,1]nQ,

1, if Ae[0,1]n(R\Q).

Then the assumptions in (ii) of Theorem 3.3 are satified, and hence this theorem yields the
well-posedness of (QEP) at 0. (In fact, S(A) = [0,1] for all A € [0,1].) But f(.,y,.) is not usc

in X x A, and hence Theorem 3.2 of [12] is not in use.
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4 Quasioptimization Problem (QOP).

We first investigate parametric well-posedness of this problem in topological settings.

THEOREM 4.1 Assume that

(i) X is compact and K is closed and Isc in X x {\};

(ii) g is pseudocontinuous in K(X,\) x {\}.
Then (QOP) is well-posed at \. Furthermore, if (QOP) has a unique solution, this problem is
uniquely well-posed at \.

Proof. By setting Ki(x,\) = Ka(z,\) = K(z, ), for all (z,\) € X x A and f(z,y,\) =
9(y, A\) —g(z, N), (QOP) becomes a special case of (QEP). To apply Theorem 3.1 we check its as-
sumption (ii). Let x,, and y,, be in K (X, A,,) and &,, € (0, +00) be such that {(z,, yn, An,en)} —
(z,y,,0) and

f(@ny Yns An) + €5 > 0.

There are Z,, and g, in X such that z,, € K(Z,, \,) and y,, € K(Jn, A). Due to the compact-
ness of X one can assume that {Z,} — Z and {g,} — ¥, for some Z,5 € X. As K is closed in
X x {\}, we have 7 € K(Z,\) and § € K (g, \).

Now suppose ad absurdum that

gy, A) < g(x, \).

By Lemma 2.1 we have

lim sup g(yn, An) < liminf g(x,, Ay).
Hence, there are t1,t, € R and ng € N such that, for n > nyg,
9(Yns An) <t <t2 < g(xn, An)

and then
g(yn; )\n) - g(xnv)‘n) S tl - t2 < 07

which is impossible and we are done. O
Let m: X x A — R be the following kind of marginal functions
m(x, ) :=1inf{g(y,\) | y € K(z,\)}.
When (QOP) is given on metric spaces, similarly as for (QEP) we define S and II as follows

S(\e)={z e K(z,\) | g(z,\) <m(x,\) + ¢},

o Ge) = | She).

AEB(X,()
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THEOREM 4.2 Assume that

(i) X is compact and K is closed in X x {\};
(ii) g is lower pseudocontinuous in K(X,\) x {\};

(iii) m is usc in K(X,\) x {\}.
Then (QOP) is well-posed at A. Furthermore, if (QOP) has a unique solution, it is uniquely
well-posed at \.

Proof. We check first that S is usc at (X, 0). Suppose to the contrary the existence of an
open superset U of S(X,0) such that for all {(A,,e,)} convergent to (X,0%) in A x R, there
is x, € 5()\”75”) such that z,, ¢ U, for all n. By the compactness of X one can assume that

{z,} tends to some zy. Since K is closed at (20, \), 2o € K(z0,\). If 2o ¢ S(),0) = S(N),

there is yo € K(xg, A) such that

90, A) < g(wo, A).

Since g is lower pseudocontinuous at (zg, A), we have

m(xo, A) < g(yo, ) < iminf g(x,, Ay).

The upper semicontinuity of m at (xg, A) yields some ¢ € R such that
lim sup m(zp, A\p) < t < liminf g(zy, Ap).
Hence, there is ng € N such that, for all n > nyg,
(T, An) = (@, An) <t = g(Tn, An).

Asz, € g()\n,(fn),
—&n § m(xna)\n) - g(xnv)\n) S 0

Therefore,

0= lim [m(zn,A\n) — g(xnAn)] <t —liminf g(z,, A,) < 0.

n=+4oo n—-+o0
This contradiction shows that zo € S(\). Then another contradiction is obtained as z,, ¢ U.
Thus, S is usc at (X,0). Now we prove that S(X) is compact by checking its closedness. Let
{z,} C S(\) converge to zg. As S(\) C 5(5\75“), by the preceding argument one sees that
zo € S()\). By Remark 3.1, (QOP) is well-posed at \. O

The following examples explain that Theorems 4.1 and 4.2 are incomparable and each of

them may be applicable in different situations.

Ezample 4.1 Let X = A =1[0,1], K(z,)\) =[0,1], A =1 and

L) (1—N), if 0<A<l,
oz, ) = (1+2)( ) '
-1 if A=1.

)

16



It is clear that K is continuous, X is compact and g is lower pseudocontinuous in [0, 1] x [0, 1].
Now we check that ¢ is upper pseudocontinuous at (z,1), for all € [0,1]. Indeed, assume
that g(y,\) > g(z,1) = —1 and {(zn, A\n)} — (2,1). It is clear that, g(y,A) > 0as A < 1
and limsup,, o 9(@n, An) = 0, so g(y,\) > limsup,, ., ., g(xn, A\n). Hence, the assumptions
of Theorem 4.1 are satisfied and we obtain the well-posedness at 1 (in fact, S(1) = [0, 1] and
S(A\) = {0} for all 0 < X < 1). However,

1- if 0<A<1
m(x,)\)zm(/\):{ A, if 0<A<1,

—1, it A=1

is not usc at 1. Therefore, Theorem 4.2 cannot be applied in this case.

Ezample 4.2 Let X = A =[0,1], K(z,A) = [0,1], A = 0 and

0, if A=0and0<zx<1,
g(xz, A) =< A1 —2), if 0<A<landO<uz<l1,
1, it or=1.

Then K is continuous and X is compact. ¢ is lower pseudocontinuous at (z, 0), for all x € [0, 1].
Indeed, if g(y,A) < g(z,0) then = < 1, and hence g(x,0) = 0. So g(y,\) = —1 and y = 1.
If {(zn, \n)} — (,0), there is ng € N such that, for all n > ng, x, < 1. So, we have
liminf g(x,, A,) = 0. Thus, g(y,A) < liminf g(z,,\,), i.e, g is lower pseudocontinuous at
(z,0). However, g is not upper pseudocontinuous in [0,1] x {0}. Indeed, let y = 1 and A = 0.
Then

1
0= g(iao) > g(l,O) =-L

Take 2, =1 — n%rl and )\, = %H Then {(zn, A\n)} — (1,0) as n — +o0o. It is easy to see that

limsup g(xy, Ap) = limsup A, (1 — z,) = 0,
and hence g(%,0) # limsup g(zy, A,)). Therefore, Theorem 4.1 is not in use. Fortunately, the
assumptions of Theorem 4.2 are satisfied, since m(x, \) = m(A) = inf¢p,17 (2, A) = —1, for all

A € ]0,1] and hence m is continuous in [0,1]. Theorem 4.2 yields the well-posedness of (QOP)
at 0 (in fact, S(A) = {1}, for all X € [0, 1]).

Now we pass to well-posedness conditions in terms of the diameter of II(X, (,¢).

THEOREM 4.3 Assume that X is a metric space.
(i) If (QOP) is uniquely well-posed at X, then diamII(\,(,e) — 0T as (¢,e) — (0F,01),
where diam(.) denotes the diameter of the set (.).
(ii) Conversely, assume that X is complete and the following conditions hold

(a) K is closed and Isc in X x {\};

(b) either of the following two conditions holds
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(b1) g is pseudocontinuous in K(X,\) x {\};
(ba) in K(X,\) x {\}, g is lower pseudocontinuous and m is usc.

Then (QOP) is uniquely well-posed at X\, provided that diamII(\,(,e) — 07 as (¢,€) —
(0+,0%).

Proof. (i) Suppose (QOP) is uniquely well-posed at A but, for {(¢,,e,)} — (0,07), there
are ng € N and r > 0 such that, for all n > nq,

diamII(\, ¢, ) > 7

Then, there exist z},z2 € II(X, (y,€p) such that d(z),z2) > 5. There are AL, A2 € B(X,(,)

n’

such that
9, Ay) < mlag, AL) + en
and
gz, A7) < mla, A7) + en.
Since {xL} and {z2} are approximating sequences for (QOP) corresponding to {\l} and {\2},
respectively, they converge to the unique solution and we obtain a contradiction.

(i) Assume that {\,} — X and {z,} is an approximating sequence for (QOP) correspond-
ing to {\,}. Then, there is {€,,} — 01 such that, for all n € NV,

g(xn, >\n) < m(xn)\n) +én.

Hence z,, belongs to II(), ¢y, en) With ¢, := d(A,, A). Since lim,,_. 4 o diamII(), (y,e,) = 07,
{z,} is a Cauchy sequence and hence converges to some Z. The closedness of K7 implies that
T € K(z,)). Using the same argument as for Theorem 4.1 for the case (b;) or Theorem 4.2 for
the case (by), we see that Z € S(\). To complete the proof, we have to show that (QOP5) has a
unique solution. If S()\) has two distinct solutions Z; and T, they clearly belong to II(), ¢, ¢),

for all positive ( and . This implies the contradiction that
0< d(fl,.fg) < dlamH(S\, C,E). O

THEOREM 4.4
(1) Y(II(X, ¢, €)) — 0F as (¢,€) — (0F,0%), if (QOP) is well-posed at X (recall that v is the

Kuratowski measure or Hausdorff measure).

(ii) Conversely, assume that X is complete and A is compact or finite dimensional. Impose

further that,

(a) K is closed in X x A
(b) g islsc in K(X,A) x A;
(¢c) m is usc in K(X,A) x A.
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Then (QOP) is well-posed at \, provided that y(II(\, ¢, €)) — 07 as (¢, &) — (0F,07).

Proof. By the similarity we discuss only the case where v = u, the Kuratowski measure.
(i) Assume that (QOP) is well-posed at A. Since, for all positive ¢ and ¢, S(A\) C TI(), ¢, €),
one has
H(TI(, ¢,€)), S(N)) = H*(TI(X, ¢, ), S(N)).-
Let {z,} be a sequence in S(\). Then {z,} is an approximating sequence for (QOP) and has
a subsequence convergent to some point of S()\). Hence, S()) is compact.

Let S(\) C Up_, My, with diamMj, < e, for k = 1,...,n. Setting
Ny, = {z € X [ d(z, My,) < H(II(X, ¢, ), S(N))}-

We claim that

9e U

k=1

Indeed, let z € II(X,(,e). Then d(z,S(\)) < H(II(A,¢,€),S(N)). Since S(A) C Up_, My,

we see that d(z,|J;_, M) < H(II(\,¢,€),S(\)). Hence, there is k such that d(z, Mj) <
H(II(A, ¢ €),S(N)), ie. © € Ni. So, II(A, ¢, e) € Up_ . Note further that

diamNj, = diamM;, + 2H (II(A, ¢, €), S(N)) < e+ 2H (II(A, ¢, €), S(N)),

and hence, as u(S(A\)) =0,

N(H()‘7 ¢, 5)) < 2H(H()‘7 ¢, 5)’ S()‘)) + M(SO‘)) = 2H(H<>" ¢, 5)’ S()‘))
Now we prove that H(TI(X,(,€),S(A)) — 07 as (¢,e) — (07,0T). Suppose to the con-
trary that there are p > 0, {((n,en))} — (0F,0%) and z,, € T(), ¢y, €,) such that, for all

nenN,
A, SOV > p
Since {z,} is an approximating sequence for (QOP), it has a subsequence convergent to some
point of S()), a contradiction. Therefore, u(II(A, ¢, €)) — 0% as (¢,¢) — (07,0%).
(ii) Assume that p(II(\,¢,€)) — 0T as (¢, e) — (0F,0%). We first show that TI(), ¢, €)
is closed for all positive ¢ and e. Let x,, € II()\,(,¢) and {x,} — x. Then, for each n € N,
there is \,, € B(), () such that

g(xn, A\n) <m(xp, An) +&.

Because B(), () is compact, we assume that {)\,} — A for some A € B(), (). Since K is closed
at (z,A), x € K(x,\). By the lower semicontinuity of g and the upper semicontinuity of m at
(x, ), we have

glz,\) <m(xz,\) +¢
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¢) we have x € TI(\,(,e). Hence, TI(\,(,¢) is closed. Note further that S()\) =

As A € B(\ ()
(A, ¢,e) and p(II(\, ¢ e)) — 0F as (¢,e) — (0F,0T). From the properties of u it

Nes0,e50 T A,
follows that S(\) is compact and

H(II(N, ¢, e), S(A)) — 07

Let {x,} be an approximating sequence for (QOP) corresponding to {\,}, where {\,} — .
There is {e,} — 0T such that, for all n € N,

g(xn, /\n) < m(zn, )\n) + €n.
Consequently, z,, € TI(\, {,€,) With ¢, := d(X, \,). We see that
d(2n, S(N)) < H(II(A, Cpyen), S(N)) — 07

By the compactness of S()), there is a subsequence of {x,} converging to some point of S(\).
Hence, (QOP) is well-posed at . O

THEOREM 4.5 Assume that X is complete and A is compact or finite dimensional. Let the

following conditions hold

(a) K is closed and lsc in X x A;
(b) g is continuous in K(X,A) x A.
Then (QOP) is well-posed at X\, provided that y(II(\,(,€)) — 0F as (¢,e) — (0F,07).

Proof. We consider only the case v = u. Let u(II(\,(,¢)) — 07 as ((,e) — (07,07). We
prove that TI(\, ¢, €) is closed for all positive ¢ and e. Let x,, € II(\,¢, ) and {z,,} — x. Then,
for each n € N, there is A, € B(X, () such that

9(@n, A\n) <m(xp, An) +e.

As B(), () is compact, we assume that {\,} — X for some A € B()\,¢). Then € K(z,\) as
K is closed at (z,\). Now we show that,

glz,\) <m(x,\) +e.
By the lower semicontinuity of g at (x, \) we have
g(x, A) <liminf g(z,, An) < liminf m(z,, An) + €.
Hence, it is sufficient to check that
liminf m(x,, Ap) < m(z, \),
that is
liminf  inf  g(y,A,) < inf  g(y, N).

YEK (n,An) T yeK(x,))
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Suppose to the contrary the existence of § > 0 such that

liminf  inf )= inf gy, \) 46
imin yeKl(I;n,An)g(y ) yeil(11($7A)g(y )

Then, there is yo € K (z, A) such that

5
liminf  inf An) > (Yo, A) + =
im in yeKl(rwan)g(y ) > 9(yo, A) 5

Since K is Isc at (z, A), there is y, € K(xy, Ay) such that {y,} — yo. Taking into account the

upper semicontinuity of g at (yo, A), one has

)
9(yo, A) > limsup g(yn, An) > liminf  inf  g(y, A\n) > g(yo, A) + =,
YEK (T, An) 2

which is a contradiction. Therefore, as A € B(), (), we have = € TI(\, (,¢). Hence, II(),(, ¢) is
closed. The further argument is the same as the last part of the proof of Theorem 4.4. O

Examples 4.1 and 4.2 show also that Theorems 4.4 and 4.5 are incomparable.

Remark 4.1 In the special case where K(z,A) = K(\), i.e. (QOP) becomes to an optimization
problem, Theorems 4.1-4.3 collapse to Theorems 4.1-4.3 of [27]. Theorems 4.4 and 4.5 are new

even for this special case.

5 Equilibrium problems with equilibrium constraints (EPEC).

This section is devoted to well-posedness conditions for (EPEC). For positive ¢ and e, the
corresponding approximate solution set of (EPEC) is defined by

I'(¢,e) ={x = (z,)) € Ki(2,\) x A | F(x,y) + ¢ > 0,Vy € grS and
fla,y,\) +¢>0,Vy € Koz, \)}.
THEOREM 5.1 Assume that X is compact and
(i) in X x A, K is closed and K is Isc;
(ii) f is upper 0-level closed wrt id in K1(X, A) x Ka(X, A) x A x {0};

(iii) F(.,y) is upper 0-level closed wrt id in X x A, for ally € X x A.
Then (EPEC) is well-posed. Furthermore, if S(X\) is a singleton for all A € A and (EPEC)

admits a unique solution &, then (EPEC) is uniquely well-posed.

Proof. Let {x,} := {(zn,\n)} be an approximating sequence for (EPEC). Assume that
{A\n} — A. In light of Theorem 3.1, {(QEP,) : A € A} is parametrically well-posed. Since {z,,}

is an approximating sequence, there is a subsequence, still denoted by {z,}, convergent to some
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T € S(\). We show that & := (Z, ) is a solution of (EPEC). As {x,} is an approximating

sequence, there exists {e,} — 0T such that, for all y € grS,
F(zn,y) +en > 0.
The upper 0-level closedness of F' implies that, for all y € grS,
F(z,y) > 0,

i.e. Z is a solution. Thus, (EPEC) is well-posed at \.

To check the unique well-posedness under the additional conditions, let {x,} be an ap-
proximating sequence for (EPEC). By the same argument as in the preceding part, there is a
subsequence convergent to . If {x,,} did not converge to &, there would be an open set U con-
taining @ such that some subsequence was outside /. By the above argument, this subsequence

has a subsequence convergent to &, a contradiction. O

The assumptions of Theorem 5.1 cannot be dispensed as indicated in the following examples.

Ezample 5.1 (the compactness of X cannot be dropped). Let X = R, A = [0,1], Ki(z,\) =
Ky(z,A) = R, f(z,y,\) = 2* and F((x,\1), (y,\2)) = 2°TY. It is clear that in X x A,
K; is closed and K5 is lsc. (ii) and (iii) hold as f and F' are continuous in X x X x A and
(X x A) x (X x A), respectively. Furthermore, the solutions set of (EPEC) is grS. But S(A\) =R
for all A € A, ie. grS = {(R,A) | A € [0,1]}. Hence, (EPEC) is not well-posed. Indeed, let
T =1, Ay = 1, @p = (25, \,) is a solution of (EPEC). It is clear that {z,} has no convergent

subsequence. The reason is that X is not compact.

Ezample 5.2 (the closedness of K is essential). Let X = [—1,1], 4 = [0,1], K1 (z,\) = (=, 1],
Ky(z,\) = [0,1], f(z,y,A) = z(z — y) and F((z, A1), (y,A2)) = 1. It is not hard to see that
X is compact, K» is Isc in X x A, (ii) and (iii) are satisfied (by the continuity of f and F).
We see also that the solution set of (EPEC) is grS. But S(0) = {1} and S(A) = {0,1} for all
A€ (0,1], ie. grS=(1,00U{(k,\) | k=0,1; X € (0,1]}. Therefore, (EPEC) is not well-posed.
Indeed, let x, = 0, \,, = %, then @,, = (x,,A,) is a solution of (EPEC) and «,, converges to
x = (0,1). But « does not belong to the solutions set of (EPEC). The reason is that K; is not
closed at X x A. Indeed, let z, = A, = £ and 2z, = —5-- € Ky(zn, A\) = (—2,1]. We see that
{zn} tends to 0 ¢ K;(0,0).

Ezample 5.3 (the lower semicontinuity of Ky cannot be dispensed). Let X = [-1,1], 4 = [0, 1],
Kl(x7>\) = [Oa 1]7 f(xvya)‘) =z +y, F((SE, A1)7 (ya A2)) = 2>\1+)\2 and

{-1,0,1}, if A=0,

Koz, \) =
2(z,4) {{0,1}7 otherwise.

It is clear that X is compact, K is closed in X x A, (ii) and (iii) hold. Moreover, the solutions
set of (EPEC) coincides with grS. But S(0) = {1}, S(A\) = {0,1} for all A € (0,1], i.e.
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grS = (1,0)U{(k,A\) | k=0,1; A € (0,1]}. By the same argument as in Example 5.2, (EPEC)

is not well-posed. The reason is that K5 is not Isc in X x A.

Ezample 5.4 ((ii) cannot be dropped). Let X = [0,1],4 = [0,1], K1 (z,\) = Ka(x,\) = [0, 1],
F((z, A1), (y,A2)) =0 and

T —y, ift A=0,
f(x,y,/\)Z{

Yy—x, otherwise.

Then assumptions (i) and (iii) are satisfied and the solution set of (EPEC) is grS. We see that
S(0) = {1} and S(A) = {0} for all A € (0,1], and hence grS = (1,0) U {(0,A) | A € (0,1]}.
By an argument similar to that in Example 5.2, we also see that (EPEC) is not well-posed.
The reason is that assumption (ii) is violated. Indeed, taking z, = 0,y, = 1, A, = % and
en =0, we have {(Zn, Yn, Ansen)} — (0,1,0,0) and f(zn, Yn, An) + 0 = f(0,1,1) =1> 0 but
f(0,1,0) = -1 < 0.

Ezample 5.5 ((iil) is essential). Let X = [0,1],4 = [0,1], Ki(z,\) = Ka(x,\) = [0,1],
f(z,y,A) =1 and

T —, if A =0,
F((2, M), (y,2)) = { Y »
Yy —, otherwise.

Then assumptions (i) and (ii) are satisfied and the solution set of (QEP) is equal to X. It is
easy to see that the solution set of (EPEC) is the following subset of grS

5§ =(1,00U{(0,A) [ A e (0,1]}.

By the same argument as in Example 5.2, we also see that (EPEC) is not well-posed. Similarly

as in Example 5.4, we can check that assumption (iii) is violated.

THEOREM 5.2 Let X and A be metric spaces.

(i) If (EPEC) is uniquely well-posed at A, then diamI'((,¢) — 07 as (¢,e) — (07,07).

(ii) Conwversely, if X and A are complete and the following conditions hold
(a) in X x A, K is closed and Ky is lsc;
(b) f is upper 0-level closed wrt id in K1(X, A) x K2(X, A) x A x {0};
(¢) F(.,y) is upper 0-level closed wrt id in X x A, for ally € X x A,

then (EPEC) is uniquely well-posed at X, provided that diamI'(¢,e) — 01 as (¢,€) —
(0F,07).

Proof. (i) Assume that (EPEC) is uniquely well-posed. Suppose to the contrary the existence
of {(¢nyen)} — (017,07), ng € N and 7 > 0 such that, for all n > ng,

diamI'(Cp,en) > 7.
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Hence, there exist (1, AL), (22,)2) € T'((n,en) such that d((zl, AL), (z2,)2)) > L. Since

nsy‘n ny»‘n ny‘n ny‘n 2

{(z1, A1)} and {(22,)2)} are approximating sequences, they converge to the unique solution

n’ n n’ n

and we obtain a contradiction.

(ii) Assume that {x,} := {(zn,A\n)} is an approximating sequence for (EPEC). Then,
Ty = (n,A\n) € T'(Cn,en) and {x,} is a Cauchy sequence and converges to some & = (T, ).
Since K; is closed at (Z,\) and z,, € K (2, \,), one has Z € K1 (%, \). Using the same argument
as for Theorem 5.1, we see that & solves (EPEC). We still have to prove that (EPEC) has a
unique solution. Otherwise any pair of distinct solutions (Z1, ;) and (Z2, A2) belong to I'(¢, €),

for all positive ¢ and €. Then, we arrive at the contradiction that

0 < d((Z1,\1), (T2, A2)) < diamIl(¢,e). O

In terms of a measure v € {y,n} of noncompactness we have the following result.

THEOREM 5.3 Let X and A be metric spaces.

(i) If (EPEQC) is well-posed then v(I'(¢,e)) — 0% as ((,e) — (07,0%).

(ii) Conwversely, if X and A are complete and if the following conditions hold
(a

(b

(c

then (EPEC) is well-posed, provided that v(T'(\,¢,€)) — 0% as (¢,e) — (0F,07).

) in X x A, K; is closed and K is lsc;

) [ is upper upper b-level closed in K1(X,A) x Ko(X, A) x A, for all b < 0;
) F(.,y) is upper c-level closed in X x A, for ally € X x A and ¢ <0,

(

Proof. We discuss only the case v = u, the Kuratowski measure.

(i) Assume that (EPEC) is well-posed. The solution set S of (EPEC) clearly satisfies the
relation S C I'((, ¢). Hence,

H(T(C,¢), ) = H*(T(C,¢), S).

Let {z,,} = {(zn, A\n)} bein S. Since {x,} is an approximating sequence, it has a subsequence

convergent to some point of S. Therefore, S is compact.

Assume that S C UZ=1 M, with diamM < e, for k = 1,...,n. Setting N, = {z €
X | d(z,My) < H(T(¢,¢),8)}, it is easy to see that I'(¢,e) C Up_, Nk and diamN, < ¢ +
2H(T'(¢,¢€), S). Therefore,

u(I'(¢,€)) < 2H(I'(C,€), §) + u(S) = 2H(T'(¢, €), 5).

To check that H(I'(¢,e),S) — 07 as (¢,e) — (07,0%") by contradiction, suppose the existence
of p >0, {(Cn,en)} — (07,07) and x,, € T'(¢p, €p) such that, for all n € N,

d(xn, S) > p.
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Since {x,} is an approximating sequence one has a subsequence convergent to some point of

S, which is impossible.

(i) Assume that u(T'(¢,e)) — 0T as (¢,e) — (07,0%). We claim that T'((,€) is closed
for all {,e > 0. Let @, = (zp, An) € T'(¢, ) with {x,} — @ := (2, A). Then, for all y € grS
and all y,, € Ka(Zn, An),

F(xn,y) +e >0,

f(@n,y, An) +¢>0.

As K is closed at (x,)\), one has « € Kj(x,\). By the upper —e-level closedness of F(.,y),
one obtains, for all y € grS,
F(x,y)+e>0.

Next we show by contraposition that, for all y € Ks(x, ),
[y, A) +¢=0.

Suppose there exists y € Ky(x, A) such that f(x,y,\)+{ < 0. Since Ky is Isc at (z, A), there is
Yn € Ka(xy, \n) such that {y,} — y. By the upper —(-level closedness of f at (x,y, \), there
is ng € N such that, for all n > ng,

f(zna Yn,s >\n) < —¢,

a contradiction. As a result, @ € I'((,¢) and this set is closed.

Note further that § = (V... (¢, €) and u(T'(¢,e)) — 0% as (¢,e) — (0%,0%). By the
properties of ;1 mentioned in section 3, we see that S is compact and H(['(¢,¢),S) — 0T as
(€,e) = (07,0%).

Let {x,} := {(zn, An)} be an approximating sequence. There is {((,,&,)} — (01,07) such
that, for all y € grS and all y,, € Ka(zy, An),

F(mmy) +én 20,

F(@n,ys An) + ¢ > 0.

Therefore (x,,, Ap) € I'(Cn, €n). Consequently,
d(zn, S) < H(T(Cn,en),S) — 0.

By the compactness of S, there is a subsequence of x,, convergent to some point of S. Hence,

(EPEC) is well-posed. O

The following examples show that all assumptions of Theorem 5.3 (ii) are essential.

Ezample 5.6 (the closedness of K7 is essential). Let X = [—1,1], A =[0,1], K1(z,\) = (=X, 1],
Ky(x,\) =1[0,1], f(z,y,\) = z(z —y) and F((z, 1), (y,\2)) = 2°T%. Then X is complete and
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K5 islscin X x A. Assumptions (ii b) and (iii b) are fulfilled since f and F' are continuous in
X x X x Aand (X x A) x (X x A), respectively. Moreover, I'(¢,&) C [-1,1] x [0, 1] and hence
Y(T'(¢,e)) < v([-1,1] x [0,1]) = 0. Tt is easy to see that the solution set of (EPEC) coincides
with grS. But S(0) = {1} and S(A\) = {0, 1} for all A € (0,1], i.e., grS = (1,0) U{(k,\) | k =
0,1; A € (0,1]}. With the same arguments as in Example 5.2, (EPEC) is not well-posed. The

reason is that K is not closed at (0, 0).

Ezample 5.7 (the lower semicontinuity of K> cannot be dropped). Let X and A be as in
Example 5.6, K1(x,A\) =[0,1], f(z,y,\) =z +y, F((z,\1), (y,A2)) =1 and

(-1,0,1},  if A=0,
{0,1}, otherwise.

KQ(JI,)\) = {

Then X is complete, K is closed in X x A and (ii b) and (iii b) hold. T'({,e) C [0,1] x [0,1]
and hence y(T'(¢,e)) = 0. Furthermore, the solution set of (EPEC) is grS. But S(0) = {1},
S(A\) = {0,1} for all A € (0,1]. Hence, grS = (1,0) U {(k,A\) | £ = 0,1; A € (0,1]}. Thus,

(EPEC) is not well-posed. The reason is that K is not Isc in X x A.

Ezample 5.8 ((ii b) cannot be dispensed). Let X, A, K1, F as in Example 5.7, Ka(x,\) =
{\, 14+ A} and

-1, it z+y=1,

@9, 0) = {1, otherwiz;e.

Then X is complete, (ii a) and (ii ¢) are satisfied and v(I'((,e)) = 0. But S(0) = (0,1),
S(A) =[0,1] for all A € (0,1], i.e. grS = ((0,1) x {0}) U{[0,1] x {A} | A € (0,1]}. Therefore,
(EPEC) is not well-posed. Indeed, ,, = (0, ) is a solution of (EPEC). We see that @,, tends to
x = (0,0), but & does not belong to the solution set of (EPEC). The reason is that assumption

(iib) is violated as shown in Example 3.8.

Ezample 5.9 ((ii c) is essential). Let X, A, K, K3 be as in Example 5.8, f(z,y,A) =1 and

-1, if x+y=1,A =0,
1, otherwise.

F((JZ, A1)7 (ya)‘Q)) = {

We see that X is complete, (iia) and (iib) hold and v(I'(¢,e)) = 0. Clearly S(A\) = [0, 1] for
all A € [0,1]. Tt is easy to see that the solution set of (EPEC) is the following subset of grS:
S = ((0,1) x {0}) U{[0,1] x {A} | A € (0,1]}. By the same argument as in Example 5.8, one

sees that (EPEC) is not well-posed. The reason is that assumption (iic) is violated.

6 Optimization problem with equilibrium constraints (OPEC).
We prove first a sufficient condition for well-posedness in topological settings.
THEOREM 6.1 Assume that X is compact and
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(i)
(i)
(i)

i X X A, Ky is closed and Ky is Isc;
f is upper 0-level closed wrt id in K1(X, A) x Ko(X, A) x A x {0};

g 1s lower pseudocontinuous in X x A.

Then (OPEC) is well-posed. Furthermore, if S(\) is a singleton, for all A € A, and (OPEC)

possesses a unique solution, then this problem is uniquely well-posed.

Proof. Set F((x,\1), (y,A2)) = g(y, A2)—g(x, A\1). To apply Theorem 5.1, we need to check only
that F'(.,y) is upper 0-level closed wrt id in X x A for all y € X x A. Let @,, = (zn, A\y) € X x A
and €, € (0,+00) be such that {(z,, A\n,en)} — (z,),0) and

F(xn,y)+en >0.

Suppose

gy, A) < g(x, \).

Since g is lower pseudocontinuous at (x, \), one has

9(y,A) < liminf g(zn, An).

So, there are t € R and ng € N such that, for all n > ng,

g(y7)‘) _g(xna/\n) < g(ya)‘) —t<0.

This is impossible since g(y, \) — g(@n, Ap) + &, > 0 for all n. The assertion on unique well-

posedness is easy to be demonstrated. [

Remark 6.1

(i)

(i)

In the special case where Kj(x,\) = Ka(x,A) = X, it is easy to see that in (ii) we can
replace f by 7 f(.,y,.), for all y € X”. So the unique well-posedness part of Theorem
6.1 improves Theorem 4.5 of [12]. Indeed, by using similar arguments as in Remark 3.2,
the lower semicontinuity of f(z,.,.) together with the monotonicity of f(.,.,\) imply
condition (ii) of Theorem 6.1. The lower semicontinuity of g required in Theorem 4.5 of
[12] is more restrictive than our assumption (iii). Moreover, we omit the hemicontinuity
of f(.,.,A) and convexity of f(z,.,.) and g. Note further that the lower pseudocontinuity
of g imposed in Theorem 6.1 is strictly weaker than the lower semicontinuity requirement

in Theorem 4.5 of [12].

In [22] an optimization problem with variational inequality constraints, a special case of
our (OPEC), was investigated for X being a reflexive Banach space. Well-posedness and
unique well-posedness results were established under the assumption that the parametric
problem defining the constraint is parametrically well-posed or parametrically uniquely
well-posed, respectively. In our results here, we impose only explicit conditions on the
data of the problems. However, it is not hard to modify Theorem 6.1 to include properly

the counterparts in [22].
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For (,e > 0, the approximate solution set of (OPEC) is defined by

M, e) ={(z,)) € K1(z,\) x A | g(z,\) < inf ¢(y,A)+¢ and
AEA,yeS(A)

f(x7y7>‘) + C 2 O,Vy € KQ(‘%?A)}

THEOREM 6.2 Let X and A be metric spaces. Then the following assertions hold.

(i) diamM (¢,e) — 07 as (¢, &) — (07,07), if (OPEC) is uniquely well-posed.

(ii) For the converse assume that X and A are complete and that the following conditions

hold
(a) in X x A, K; is closed and Ky is lsc;
(b) f is upper O-level closed wrt id in K1(X, A) x K2(X, A) x A x {0};
(c) g is lower pseudocontinuous in X x A.

Then (OPEC) is uniquely well-posed, provided that diamM ((,e) — 07 as ((,e) —
(0+,0%).

Proof. (i) Assume that (OPEC) is uniquely well-posed. Arguing ad absurdum suppose the
existence of {((,,en)} — (017,07), ng € N and r > 0 such that, for all n > ng, diamM (¢, &,,) >
r. Then, (z,A;,) and (22,2) in M((n,e,) exist such that d((x;,,A}), (z2,A2)) > 5. Being

approximating sequences, {(z., A1)} and {(22,\2)} converge to the unique solution and we get

the contradiction

lim d((xzh,\L), (22,)2)) = 0.

ni»’'‘n n’ ‘n
n—-+o0o

(ii) Assume that {z,} := {(2n, \n)} is an approximating sequence for (OPEC). Then there
is some {(Cpn,en)} — (07,07) such that

g(xru)\n) < R inf R g(y, )\) + €n,
AEA,yeS(N)

f(xnay7>\n) + Cn > 07Vy € KQ(xny)‘n)
This means that &, = (zn, An) € M((p,e,) and hence {x,,} is a Cauchy sequence and converges

to some point & = (7, \). Since K is closed at (Z, \) and z,, € K1 (2, \n), one has z € K1 (7, \).

Using the same argument as for Theorem 6.1, one sees that & solves (OPEC). It remains to

show that (OPEC) has a unique solution. If (OPEC) has two distinct solutions (Z1,A;) and
(Z2, A2), they must belong to M ((,¢), for all ,e > 0. This yields a contradiction that

0 < d((Z1, 1), (T2, A2)) < diamM (¢, e). O
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For well-posedness of (OPEC) in terms of measures of noncompactness we have the following

result.

THEOREM 6.3
(i) If (OPEC) is well-posed, then v(M((,e)) — 07 as (¢,e) — (07,0%), where v is either

the Kuratowski or the Hausdorff measure of noncompactness.

(ii) Conversely, if X and A are complete and if the following conditions hold

(a

) in X x A, K; is closed and K is lsc;

(b) f is upper b-upper level closed in K1(X, A) x Ko(X, A) x A, for all b < 0;
)
(

(c
then (OPEC) is well-posed, provided that M (T'((,€)) — 0T as (¢,e) — (0F,07).

g islscin X x A,

Proof. Let us consider only the case of the Hausdorff measure v = .

(i) Assume that (OPEC) is well-posed. For all ¢, > 0, the solution set S of (OPEC)

satisfies obviously the containment S C M ((, ). Hence,
H(M((,¢€),S)=H"(M(¢,¢),S).

Any sequence {x,} in S is an approximating sequence of (OPEC) and has a subsequence

convergent to some point of S. So, S is compact.

Let S C U;_, B(zk,€). Then M(¢,e) € Uy_, B(zk,e + H(M((,€),S). Therefore,
n(M(¢,€)) < H(M(C€), S) +n(S) = H(M(C, €), 5).

To prove that H(M((,e),S) — 0T as (¢(,e) — (0%,07) by contradiction suppose the exis-
tence of p > 0, {(Cn,en))} — (07,07) and @, € M((,,e,) such that, for all n € N,

d(z,, S) > p.

Being an approximating sequence for (EPEC), {x,} has a subsequence convergent to some
point of S, which is impossible.

(i) Assume that n(M(¢,e)) — 0T as ((,e) — (07,07). We first check that M((,¢) is
closed for all (,e > 0. Let x,, := (zp\n) € M((,¢) with {@,} — @ := (2, \). Hence,

9(zn, Ap) < inf  g(y,A) +e,
AEAN,yeS(A)

J(@n,y: An) +¢ 2 0,Vy € Ka(an, An).

Since K is closed at (z, ), € Ki(x, A). By the semicontinuity of g at (z, A), we have

g(z,\) <liminf g(z,, \,) < inf gy, \) +&.
AeA,yeS(N)
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Furthermore, we claim that, for all y € Ks(z, A),

f(x,y,\) +¢>0.

Indeed, if there exists y € Ko(x, A) such that f(z,y,\) + ¢ < 0, there is y,, € Ka(xy, A,) such
that v, — vy, as K3 is Isc at (x, ). By the upper —(-level closedness of f at (x,y, A), there is
ng € N such that, for all n > nyg,

f(mna Yn» /\n) < _Cv

which is a contradiction. Hence, M((, ) is closed. Note further that § = (.. .o M(¢,€) and
n(M(¢,e)) — 0% as (¢,e) — (0T,07). Therefore, by the earlier-mentioned properties of 7, S is
compact and H(M((,€),S) — 01 as (¢,e) — (0F,07).
Let {z,,} := {(xn, \n)} be an approximating sequence, i.e. there exists {(¢n,e,)} — (07,07)
such that
g(zn, An) < inf  g(y, \) +en,
AEAyES(A)

f(xrwyv)\n) + ¢ >0,Vy € K2(1'na)‘n)

Consequently, (Zn, An) € M(Cn,en). So,
d(zn,S) < H(M((n,en),S) — 0.

By the compactness of S, there is a subsequence of {x,,} convergent to some point of S. Thus,

(OPEC) is well-posed. O

Remark 6.2 For the special case mentioned in Remark 6.1 (i), Theorems 4.1 and 4.2 of [12]
contain similar results for the case v = u. Theorem 6.2 improves Theorem 4.1 since we omit
the assumptions encountered in Remark 6.1. Our Theorem 6.3 is an improvement of Theorem
4.2 of [12], as the lower pseudocontinuity of ¢ in (iic) is weaker than the lower semicontinuity

imposed there.
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